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In the calculation of quantum systems in most cases, the perturbation theory is
used. Lot of calculation techniques are used for both (nondegenerate and degenerate)
cases. In our contribution we evaluate the projection operator technique in such case
when the Hamiltonian of the given quantum system has point spectrum with finite
degree of degeneracy.

1. Introduction

Let us suppose that Hy represents Hamiltonian of unperturbed quantum
system which is defined on the separable Hilbert space Hy. The set of eigenvalues
{E%),.cn, and set of orthonormal eigenvectors {|u,)},cn, are known and Ny is a
subset of natural numbers i (i.e. Ny C N). Let d; is degree of degeneracy of
the kth level of the Hamiltonian Hy and D; presents the full set of indices for
the kth level (di is the number of indices in Dy C Ny and Ny = .y Dk). The
Schrédinger equation for the nonperturbed system has the form

Holu,) = E luy), n € Dy,
Because of the degeneracy we have also

Hy |E)) = E] |E)), ne D, (1)
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where |E?) for n € Dy is another set of eigenvectors belonging to the same eigen-
value E}.

Moreover let us suppose that perturbed Hamiltonian H is defined on the
same separable Hilbert space as Hamiltonian Hy is. The perturbation then is
V =H — Hy from which

H=H,+V. (2

Furthermore let us suppose that this perturbation is small, i.e. differences
between eigenvalues of the unperturbed {E°} and perturbed {E,} quantum sys-
tems are small. The same is valid for the unperturbed {|u,)} and perturbed {|E,)}
orthonormal eigenvectors of given quantum system. It is assumed also that base
{lu,)} of the unperturbed quantum system is not given unambiguously.

Explanation of the mathematical bases of the quantum mechanics are given
in satisfactory level in books [1-3]. In the following we will use the technique of
projection operator formalism from these books.

2.  Projection operator formalism

From the introduction follows, that calculation is complicated because of
the unambiguous of the orthonormal base {|u,)}. In this case the Hg Hilbert
space is given, and it is spanned by the orthonormal base {|u,)} where n € Dj.
The problem became extraordinary complicated if the degeneracy is not removed
in the first order (see [4]). In such cases the projection operator formalism is very
useful and very effective.

From the theory of linear operators it is known that each hermitian opera-
tor, defined on the separable Hilbert space is diagonalized by its eigenvectors, in
our case it means that Hy is given by the relation

Ho= Y Elue) (el =Y E} Y luy) (ual =Y E{P),

keNy keN neDy keN

where the operator P{ is given by the relation

PY =" un) (ual. (3)

neDy

Operator (3) is projection operator (orthogonal projector or projector only). This
operator is hermitian and idempotent, i.e.

(P1)" =P and (PY)’ = P!
and P,?P? = P?P,? =0 if [ # k. This operator projects into the space H?, i.e.

P |u,) =|u,) VneDiand PYlu,)=0 Vn¢ Dy.
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These equations are equivalent to equations
Pllp)=¢) Ylg)cH/ and Pilp) =0 Vip) € H}*,

where H,({“ is the orthogonal complement to subspace H,?. For these subspaces
the following equations are valid

Hy=H)o H)* = 8 H) and H* = o2 H.

From the practical point of view it is convenient to introduce the complement
operator

Q= ) P=1-P ©)

IEN Ik

where 1 is unit operator (identity operator) on the Hilbert space Hy. The oper-
ator QY is also projector and it is hermitian and idempotent operator, i.e.

Q)" = Q) and (Q)°=Q).

It is clear that all properties of the operator P{ given above are indepen-
dent from the given orthonormal base in Hilbert space Hg. From this statement
follows advantage their use in the case of system with degenerate spectra.

3.  Perturbation theory

For the derivation of perturbation formulae of degenerate systems we will
use the projection operator technique developed in the book [5].

The goal of perturbation theory is solving — in our case — stationary
Schrodinger equation

H|En>:En|En>a (5)

where perturbed Hamiltonian H is possible write in the form (2) in which V rep-
resents small perturbation. The operator equation (5) is possible expand into the
operator-valued series so in this case it is assumed that H operator is given in the
form

H®) =Ho + 2V,

where A is perturbation parameter. According this assumption H(A) is param-
etrized perturbed Hamiltonian. Eigenvalues and eigenvectors are also parame-
trized so the equation (5) has parametrized form

H®) [E,(3)) = E,(M) |En (). (6)
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It is assumed that solutions [i.e. eigenvectors {|E,(A))} and eigenvalues E,(}1)]
and projectors P,?(k) (which projects into the corresponding subspaces) is pos-
sible to expand into the Taylor series. These series converge to the results of the
perturbed Schrédinger equation (5) if A — 1 and converges to the results of the
unperturbed Schrodinger equation (1) if A — 0, i.e.

E,(0) 22% and |E,(0) 225 |ED),

where {|E2>}neDk represents orthonormal base in Hilbert space H{. This base
does not necessary is equal to the base {|u,)},cp, Which represents solution of
the non-perturbed Schrdédinger equation Holu,) = E°|u,). This base {|u,)}ncp,
is chosen as the base in Hg without any assumptions.

Eigenvalues of the equation (6) (under the assumption A = 1) are roots of
the determinantal (or secular) equation

det (Hy (M) — zKx (1)) = 0. (7)

Operators Hi (1) and K, (%) are given by the relations

Hi(h) = PFHO)PL(OP] tesp. Ki(h) = PP ()P}, (®)
According to [5] let us introduce a new A; — operators as follows, for j = —1
A =P )

and for j>0

, . PY
Aj = (=1) —0l=(1 Y . (10)

(E{ — Ho) iz (Ep — EQ)

By the help of these operators the parametrized projectors P;(A) are

> A,VA, ...VA]-S>d§fZASP,(f). (11)

J0sJ1seee s Js s=0
Jotjit+ji=—1

P.()) = Z AS<
s=0

There may be such situation, that perturbation V does not remove the
degeneracy of the given level completely, i.e. secular equation (7) has manifold
roots. This problem the projector formalism solves without any problem.
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4. Solution of the perturbed Hamiltonian into the 3rd order

In this part we express the projectors P,(f) defined by (11) for s = 1,2 and
3 and by them help we set-up secular equation (7). By use of general eigenvalue
problem we find its eigenvalues {E®} and its orthonormal eigenvectors {|E*)}.
From relations (9), (10) and (11) it is obvious that

P =P}

P" = A_ VAo +A¢VA_; = POV Qk + Qk —a ————VP}
k 0

P> = A_|VA_|VA| + AgVA_ VA, + A_lVAoVAo + A_lVAlVA_l

+ AoVAoVA_; + A1VA_ VA,

1 1 1
= — PVPYV 0 4+ 'VPIV——— Q!
k k (E,?—Ho)sz EE—HOQk k E]?—HOQk
1 1
+ P}V A% :
“TEO - HOQ" E) — HOQ"

1 1
TQUVPL + —— QU VP,

_py_ i
(E,? — Ho) E; —Hy E; —Hy

1
S e
(E{ — Ho)
P = A_|VA_|VA_|VA; + A_VA_|VA(VA| + A_|VA(VA_| VA,
+ AoVA_1VA_{VA; + A_1VA_; VA, VA, + A_1VA(VA( VA,
+ AgVA_1VA)VAy + A_ VA VA_1VA) + AgVA)VA_| VA
+ A{VA_{VA_ VAo + A_VA_1VA,VA_; + A)VA_{ VA, VA_;
+ A_1VAoVA;VA_{ + A_;VA; VA VA_; + A)VA VA, VA _;4
+ A{VA_;VA)VA_| + A_1VA,VA_ | VA_; + A)VA | VA_,VA_,
+ A;VAoOVA_;VA_; + A,VA_;VA_;VA_,
= PQVP,?VPQV—Qk
— Ho)
1 0 1 0
\4 Q
Ef —Ho " (E) —Ho)’
1 1
— PV Q)VP)V———— Q)
¢ El(c) — Hp (E](() — H())2
1 1
e QUVPOVPV— Q"
EV—H, Ok (E,‘j—Ho)2 ¢

— PVPYV
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1 wimw
E) —H, ngE,? i Hy &
1 1 1
E) — Hy EQ—HOQ’?VE,?—HOQ’(2
— P,?V(EIC%HO)ZQQVPQVﬁQQ
i Y g OVRY

— P)VP)V SQUV
kT HO)

v

+ PV
“"EY—H,

+ Q)VP)V

+

k

1 1
- Q'VP/VPlV——— QY
(EI? . H0)2 k k k E]? _ HO k

1
+ P)VP)V————Q)VP)
(E{ — Ho)

QOVPO

(B -Hp
1

OV QOVPO

E{—Ho " (0 -m,)’ "

1 1
QOV QOVPO
(EQ—Ho)’ " E}—Ho '

1 1 0 1 0 0
v VP
E)— "o Y g, Y

1 Oy po
Q. VP,V
E,?—Hg KR

- PV

- PV

+

0
A\
HOQk E?
1 1
— ——————Q)VP)'V———QJVP!
(E0—H,)" " E}—H

+ PV ;QLVP,VP]
(E¢ — Ho)
1
— Qv
E{—Ho * (E - H,)
1 1
_ Qv Q)VPIVP!
(E,?—Ho)z k EY — Hy kY Tk Yk

k

5 Q)VP!VP!

1
+ ————QJVPVP)VP].
(E¢ — Ho)

Above-mentioned relations are rather complicated [above that QY operators rep-
resent summation according relation (4)], but the situation for secular equation
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(7) considerable simplifies owing to projection into the Hilbert space Hg by the
help of projectors P,?. In equation (8) H; (1) is given by the relation

H () =Y A HY.
s=0

Its d; x d; dimension rectangular matrix elements are given by the relations

H(S)

k,mn

= <I,tm ‘H](j)

un> for m,n € Dy,

where
H = P{H,P{ and H{ = P{ (HP{’ + VP ") P} for s>1.

By the similar manner is defined K; operator. It is given also by the rectangular
matrices d; x d; with matrix elements

K& = <um ‘K,(f)‘ u,,) for m,n € Dy,

k,mn
where
K" =PPPP! for s>0.

Operators P?, QY and Hy in pairs mutually commute and for Hff) and for K,i”
we obtain following relations

H” = P{H,P},

K" = P)PP} = P},

H" = P} (HP" + VP{") P} = P)VP],

K" = PP"P} = 0,

1

H( = P} (HP{" + VP{") P} = —P[H(V
(E) —H

SQUVP]
0)
1
+ PvQV———vPY,
VQ; EY —H, k

K =PPPP) = —P)V
(E¢ —Ho)
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HY =P} (HP{ + VP ) P}

1
=P2H0VP2Vﬁ 'vp!
E) — Hy

1 1

— P'HV Qv QYVP!?
k E]?—Ho k (E,?—H())z k k

1 0 0
VP

" H, Q, VP,

1
— P'H,V Qv
B -y T B
1
+ PQHOVﬁQQVPgVPg,
(Ek - HO)
— PVP)V -
(Ek - HO)

1 1
+ PV Oy 'vp?

g E,?—HOQk E,?—HOQk g
1

(E¢ — Ho)

1
K = PUPOP) = PIVRIV - QIVP)
(Ek - HO)

— PV SQ{VP)VP],

1
A% SQLVP)

—~ P)V
“TE{-H, T (EY —Hy)

1 1
— PV Qv QVPY
k (E,? B H0)2 k E,? _ HO k k
+ P)V SQVPVP).
(E{ — Ho)

For the sake of completeness we will give all matrix elements H ¢ and

k,mn

K ,ﬁsr),m For the matrix elements of the perturbation operator V we will use fol-

lowing designation

for all m, n and §,,, for the Kronecker delta. Then

0

Hk(,VZln = E]?Smn,
O _

Kk,mn - (Sm"’
@O _

Hk,mn - Vm"’
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Kli,ln)m - 0’
Vip V, Vip V, ViV,
Hk(z;:m EO Z _ “mp pn_ Z mppn Z EO mp ' pn
p,PED; (EO EO) PsPED; E EO p,PED; (E - EO)
Vip V,
Klg,zr)nn = - Z Lpnz’
p.pEDy (E,? - Eg)
Vi Vor V, Vi Vor V,
H/fizm — E]? Z mp ¥V pr rn3 _ E]? Z mp YV prVrn :
p,peDy (EI? - E?) P, p¢Dy (El(c) - Eg) (E/(c) - E?)
r,r ¢ Dy r,ré Dy
o E,? Z Vmp Vprvrn
P 17¢Dk ) (E,? - E?)
r,ré¢ Dy
0 Vm V rVrn Vm V rVrn
+ E Z _mp T pr’rn - _ : 4 - 5
P, p(;éDk —E ) p.PED; (Ek - Er)
r,reDy r,r gDy
Vi Vor V, Vir Vor V,
+ Z 0 mp Y pr (;‘n _ Z mp ¥ pr rnz
P P¢DL E ) (E EQ) P>P¢Dx (El(c) - Eg)
r,r¢ Dy r,reDy
Vm V rVrn Vm V er
:ZE95”03+ZE2(§”’03
p.PED; (Ek - Er) P PED; (Ek - Ep)
r,r¢ Dy r,reDy
_ Z ( () ()) Vmprr Vrn
2 2°
p.PEDk (El(c) - Eg) (E,? - EQ)
r,r¢ Dy
Vi Vor V, Vi Vor V,
K]S) — mp Ypr¥rn mp Y prV¥rn
" ,,;J () - E9)° p,%)k (L — E9) (E) - EY)’
r,r¢ Dy r,réDy
_ Z Vmp Vpr Vrn + Z Vmp Vpr Vrn
3
P p¢Dk ) (Elg - EQ) p:PEDk (El(c) - Eg)
r,r¢ Dy r,reDy

Vi Vor Vi Vi Vor Vo
=) e ) e
p,pEDK (Ek - Er) P, PEDy (Ek - Ep)

r,r¢ Dy rreDy
_ Z 2E0 EO ) Vinp Vior Veen _
p.p¢Dy (EO Eg)z (E,? - E9)2

r,r ¢ Dy
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The approximate matrix elements of operators H and K up to the third
order of full perturbation (A = 1) are

S (1) M 0 3)
Himn = Hk,mn + Hk,mn + Hk,mn + Hk,mn
and
% _ O 0] @ (3)
Kk,mn - Kk,mn + Kk,mn + Kk,mn + Kk,mn'

By substitution of the matrix elements I:Ik,m,, and K x.mn Into the secular equation
we obtain generalized eigenvalue problem

H|E,) = E,K |E,), (12)

where both H and K are d; xd; matrices and E, are scalars. These scalars satisfy
the equation (12) and they are generalized eigenvalues and the corresponding
values |E,) are generalized right eigenvectors. For the solution of the standard
and generalized eigenvalue problem by PC see eig procedure given in [6]. By use
this procedure one gain all generalized eigenvalues and all generalized eigenvec-
tors.
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